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Abstract
The powerful tools of transformation optics (TO) allow an effective distortion of a region of
space by carefully engineering the material inhomogeneity and anisotropy, and have been
successfully applied in recent years to control electromagnetic ﬁelds in many different scenarios,
e.g., to realize invisibility cloaks and planar lenses. For various ﬁeld transformations, it is not
necessary to use volumetric inhomogeneous materials, and suitably designed ultrathin
metasurfaces with tailored spatial or spectral responses may be able to realize similar
functionalities within smaller footprints and more robust mechanisms. Here, inspired by the
concept of metamaterial TO lenses, we discuss ﬁeld transformations enabled by parity-time (PT)
symmetric metasurfaces, which can emulate negative refraction. We ﬁrst analyze a simple
realization based on homogeneous and local metasurfaces to achieve negative refraction and
imaging, and we then extend our results to arbitrary PT-symmetric two-port networks to realize
aberration-free planar imaging.
Keywords: metamaterials, parity-time symmetry, transformation optics
(SQ1 Some ﬁgures may appear in colour only in the online journal)
1. Introduction
The control of the electromagnetic properties of materials in a
speciﬁc frequency range of operation is a challenging pro-
blem that has puzzled scientists in a variety of disciplines for
many decades. With the advent of metamaterials [1, 2], in
which suitably designed subwavelength inclusions are
arranged in a host medium to obtain a controllable effective
response, the problem of designing materials with the desired
electromagnetic features was solved under certain (sometimes
restrictive) constraints. Such limitations are imposed by the
resonant nature of the inclusions in the considered portion of
the spectrum, intrinsically associated with a large level of
material loss, as well as by homogenization imperfections and
fabrication issues. However, despite these challenges, the
metamaterial paradigm has without doubt opened an entirely
new landscape of possibilities to control the electromagnetic
wavefront and, accordingly, mold the interacting ﬁelds at will.
The idea of manipulating ﬁelds with metamaterials was
further generalized and set on solid foundations with the
introduction of transformation optics (TO) concepts [3],
which constitute an elegant mathematical tool to realize an
effective distortion of space (and, thereby, of the light path)
by using materials with suitable inhomogeneous and aniso-
tropic optical properties. This analytical concept has been
extensively applied to design cloaks [4, 5] and lenses [6–8],
and it may be used to engineer a large number of wave-
steering electromagnetic devices with arbitrarily tailored
response. In this context, the idea of ‘imaging’, namely, the
exact reproduction of a source distribution from an original
‘object space’, to another ‘image space’, represents a pow-
erful demonstration of ﬁeld transformations. Lenses, in fact,
possess a pivotal position within the set of devices that con-
trol electromagnetic waves [9]. From the experimental point
of view, several attempts have been recently made towards
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the realization of the proposed TO designs for lenses (or other
structures) by exploiting polymer photonic crystals [10],
properly processed silicon-based dielectrics [11, 12], gra-
phene [13], among several other implementations.
In this work, we review our recent work, and further
explore in detail the design of planarized metasurface lenses
that are transversely homogeneous. These properties ensure
that the proposed lenses work in exactly the same way
regardless of the transverse position of the source object,
different from curved or transversely graded lenses, for which
the source should be located on (or near) the symmetry axis of
the device to avoid image aberrations. Furthermore, planar
transversely invariant lenses are afocal, namely they have
inﬁnite focal length due to the zero curvature of its shape (or
phase proﬁle) and, thereby, they follow different imaging
properties compared to conventional imaging systems. These
properties are highly beneﬁcial to achieve aberration-free
imaging on more than one transverse plane, which is theo-
retically impossible with lenses of ﬁnite focal length, as
initially shown by Maxwell [14] and later elaborated in a
number of studies [9, 15, 16]. In addition, only recently planar
lenses have attracted signiﬁcant attention, mainly because
they are not directly afﬁne to the human vision system, which
is based on the curvilinear shape of the eyeball. Therefore,
while for centuries large efforts have been devoted to remedy
aberrations in spherically-shaped lenses [15–18], only a few
studies have been dedicated to planar conﬁgurations.
The most notable attempt to develop a planar lens has
been done in the early 2000s by exploiting the unusual
properties of double negative (DNG) media. In particular, it
was found that a matched DNG metamaterial slab makes a
perfect lens, which creates perfect aberration-free images of
arbitrary 2D source distributions on any transverse plane [19].
This pioneering idea is indeed one of the foundational, and
most relevant implementations of TO, since it uses DNG
media to emulate a negative space or, in other words, a space
that folds over itself, so that the source ﬁeld is replicated
(imaged) on each of the folds. Interestingly, as we have
recently envisioned in [20, 21], and as we further elaborate in
the following, a PT-symmetric pair of metasurfaces can rea-
lize a similar response for propagating waves, without
requiring DNG materials.
A DNG lens exploits the negative refraction of propa-
gating waves as they enter the DNG medium, as well as the
ampliﬁcation of evanescent waves, to produce perfect 2D
images whose transverse sharpness is not bounded by the
resolution limit imposed by the wavelength of light [9, 15].
However, this perfect result is accompanied by poor perfor-
mance of the lens in the longitudinal direction. In fact, the
ampliﬁcation of evanescent waves in the DNG slab deter-
mines strong resonant ﬁelds at the exit interface of the slab,
which inevitably distort the image in the longitudinal direc-
tion. In other words, given a 3D region of space, a DNG lens
cannot produce a perfect 3D image, but can operate ideally
only over a given transverse plane provided that the source
object is limited to the corresponding plane of interest. In
addition, the operation of such a lens becomes sensitive to the
unavoidable losses of DNG materials, as well as to granularity
and imperfections. Therefore, the interesting problem of
designing a close-to-perfect planar lens with robust 3D ima-
ging performance (across both transversal and longitudinal
directions) remains open.
Here, we explore a device that achieves this goal based
on the concept of parity time (PT) symmetry. This intriguing
concept stems from the realm of quantum mechanics, asso-
ciated with Hamiltonians that are invariant after a combined
time-reversal and a parity operation, which have been shown
to be able to support real eigenfrequencies despite being non-
Hermitian [22]. Analogously, PT-symmetric electromagnetic
systems are characterized by balanced loss and gain, which
allows supporting non-decaying modal propagation despite
having regions with loss [23–31]. PT-symmetric structures
are therefore characterized by two mirrored regions, one of
which is passive and the other one is equally active, so that
the response of the system is identical under reversal of space
and time. Recently, the application of PT-symmetry concepts
to electromagnetic conﬁgurations has unveiled interesting
properties and functionalities, from unidirectional cloaking
[27, 31] to loss-immune negative refraction [20, 21], among
many others.
Since negative refraction is the necessary ingredient
leading to 2D planar imaging in the case of a DNG slab [19],
we ﬁrst consider a PT-symmetric structure similar to the one
introduced in [20] in order to emulate such response. We ﬁrst
show that the use of local ultrathin transversely homogeneous
metasurfaces as in [20] leads to a non-ideal imaging perfor-
mance, and we derive the optimal conﬁguration to achieve the
best planar imaging using local, homogeneous, PT symmetric
surfaces. Then, we consider more general PT-symmetric
systems, described by their scattering and transfer matrices,
and we derive the most general conditions for realizing ideal
planar imaging, reviewing and extending our recent theor-
etical results reported in [21]. A few numerical examples will
illustrate the operation of the proposed PT-symmetric lenses.
Due to their generality, the obtained results may inspire fur-
ther experimental and theoretical efforts in controlling and
transforming electromagnetic ﬁelds using the power and
ﬂexibility of PT-symmetric systems.
2. Local PT-symmetric metasurfaces
We start by considering the simplest PT-symmetric structure
that imitates a DNG lens [19], based on two parallel planar
impedance sheets, or metasurfaces, one passive and the other
equally active, as originally studied in [20]. The simplicity of
the structure is due to the zero thickness of the impedance
sheets and their transversely homogeneous nature and local
response. For the functionality of interest to be achieved, as
discussed extensively in [20], the passive component of the
system (with surface impedance Z )+ should act as a coherent
perfect absorber (CPA) [34], namely, as a two-port network
that absorbs all the incoming energy only when it is excited
bilaterally with waves respecting a certain phase relation. The
active component (impedance Z,– time-reversed of the pas-
sive surface) is the PT-symmetric counterpart of the CPA,
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namely, a lasing structure that emits coherently on both sides
with the same phase relation. This principle of operation is
shown in ﬁgure 1(a), where the distance between the two
planar impedance sheets is d and optical rays are emitted by a
line source at distance w from the passive metasurface. At
steady state, the active metasurface coherently emits waves on
both sides, synchronized with the source: the waves emitted
towards the left converge towards a point (internal image) and
get absorbed by the passive metasurface by properly inter-
fering with the ﬁeld radiated by the source, meeting the CPA
requirement on bilateral excitation, while the waves emitted
towards the right of the active surface form an external image
at distance d w .( )- It is important to stress that transmission
of information and synchronization between object plane and
image plane occur, on their own and without external control,
during the transient regime. The two planes appear fully
decoupled in steady state, due to the perfect absorption
occurring at the left element. On the contrary, as the source is
turned on, or after any change in the spectrum of the source
ﬁeld, the excitation of the left element is found unbalanced,
and therefore the CPA functionality allows partial transmis-
sion of the input signal towards the active element, which can
synchronize in this transient regime with the source.
After any modiﬁcation of the incident ﬁeld distribution, it
takes a few cycles before the transmitted image is updated and
the CPA can receive the required balanced excitation from the
two sides to absorb again the entire input ﬁelds. This transient
response depends on the bandwidth of operation of the
device, which is fundamentally limited only by the com-
plexity of the dispersion of the passive and active elements,
and by the requirements on stability. In practical situations,
the time required to reach steady-state is in any case expected
to be quite fast from the point of view of human perception
and digital image processing, hence the system would act as a
real-time imaging device for all practical purposes. Related to
the temporal evolution of the system in the transient domain,
the stability of the system is an important issue to be con-
sidered, since it involves active elements. In [35], a related
system was studied for different purposes, and it was found
that it is always possible to design a speciﬁc dispersion of the
active and passive elements that ensure full stability. We
therefore expect that, also for the PT-symmetric lenses dis-
cussed in this paper, full stability for any ﬁnite input signal
can be achieved. We will discuss the stability and temporal
dispersion issues of this imaging device in a future
publication.
Since the active sheet is designed to be the PT-symmetric
counterpart of the passive sheet, the performance of the whole
system as a focusing TO-inspired lens in steady-state is
essentially determined by how well the passive metasurface
acts as a CPA. In ﬁgure 1(b), we show a passive sheet of
surface impedance Z, excited from both sides by two sym-
metric plane waves propagating along directions forming
angles q with the horizontal axis z .ˆ Without loss of
generality, we consider TM waves with incident magnetic
ﬁeld H y ye ejk x jk z jk x zcos sin cosx 0 0ˆ ˆ ( )= =q q q-  -  where
k f20 0 0p e m= is the free-space wavenumber ( 0e is the di-
electric permittivity and 0m the magnetic permeability of free-
space, under an e j tw+ harmonic time dependence). The
reﬂection coefﬁcient characterizing the two outgoing waves is
denoted by R, while the x directedˆ - wavenumber is written
as: k k sin .x 0 q= For now we assume that the surface impe-
dances in ﬁgure 1 are local, namely, their response does not
depend on the wavevector of the impinging wave, a feature
that, as we will see in the following, prevents the device from
acting ideally in terms of imaging, since it cannot compensate
Figure 1. (a) PT-symmetric conﬁguration composed of a pair of metasurfaces separated by a distance d. The system is excited by a line
source located at distance w from the passive element. At steady state, the active metasurface produces the required waves to make the
passive metasurface work as a CPA, creating backward phase and power ﬂow between the two elements, and producing an image of the
source at a distance d w( )- from the active element. (b) Conﬁguration of a single metasurface excited bilaterally by TM-polarized plane
waves propagating along directions forming angles q with the horizontal z axis.
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the natural angular dispersion of the wave impedance in free-
space. A suitable metric r to quantify the performance of the
passive impedance sheet acting as a bilateral absorber (and,
accordingly, indicating the focusing performance of the entire
PT-symmetric system) should take into account the reﬂected
power from waves spanning the entire propagating wave-
number spectrum, i.e., waves with k kx 0< :
r R k k Rd cos d . 1
k
k
x x
2
2
2
2
0
0 ( ) ( ) ( )ò ò q q q= = p
p
- - /
/
Here, we do not consider the contribution of evanescent
modes, because they are not time-reversible and they would
lead to exponentially diverging ﬁelds if they would contribute
to the imaging functionality, as discussed in the introduction.
In ﬁgure 2, we show the variation of r with respect to the real
and the imaginary parts of surface impedance Z for both TM
(ﬁgure 2(a)) and TE (ﬁgure 2(b)) polarizations, assuming
bilateral symmetric excitation as shown in ﬁgure 1(b). The
minimum reﬂected power, integrated over all incidence
angles q as in (1), is the same for both cases r 0.688 .min( )@
The white crosses show the optimal choices for the surface
impedance Z, corresponding to the values:
Z Z0.383 0.653 , 2TTM,opt 0 ,opt 0 ( )h h@ @E
where 1200h p= W is the free-space wave impedance.
Interestingly, both optimal impedances are real, and they
are related by the relation: Z Z .TTM,opt ,opt 2
2
0( )= hE Instead,
the impedance value ,
2
0h considered in [20], corresponds (for
both polarizations) to zero reﬂection for normal incidence
0 ,( )q = but leads to higher overall reﬂection for other angles,
according to equation (1) and ﬁgure 2.
As discussed in the introduction, our goal is to achieve
aberration-free ideal imaging in the sense of geometrical
optics, meaning that the ﬁeld distribution of the image of an
arbitrary line source is approximated by its entire propagating
spectrum. Therefore, the incident magnetic ﬁeld that we aim
to focus, deﬁned in z L ,d
2( )< - - is not a Hankel function
k x z L w ,d0
2
0
2
2
2( )( )H + + + +⎛⎝⎜
⎞
⎠⎟ but its truncated spec-
tral representation with respect to kx limited by diffraction
k k ;x 0( )< namely [32, 33]
H x z
j
k k
k
J k x z L
d
w
,
e
e d
2
, 3
y
k
k j z L
d w k k
x
jk x
x,inc
2
2
0
2
0 0
2
2
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x
0
0
2
0
2
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( )
òp= -
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where J0 denotes the 0th-ordered Bessel function, and L
denotes the thickness of the focusing elements. In other
words, the best focusing result at the image position,
z L d w,i
d
2
= + + - that one can possibly achieve with
the proposed PT-symmetric structure is given by a ﬁeld at zi
given by (3).
In ﬁgure 3, we show the calculated spatial distribution
(time snapshot) of the magnetic ﬁeld H yˆ( )⋅ for two TM
excitations. In ﬁgure 3(a), the impedance of the passive
metasurface (with zero thickness L 0)= has been chosen to
realize zero reﬂection at normal incidence, i.e., Z 0.5 ,0h=
corresponding to the case studied in [20], whereas in
ﬁgure 3(b) the optimal impedance has been selected accord-
ing to ﬁgure 2, i.e., Z 0.383 .0h@ It is clear that the focusing
performance in the latter case is improved, as the focal spots
are stronger and narrower. We have explored several different
realizations of local systems that may synthesize this func-
tionality, even relaxing the assumption of ultrathin meta-
surfaces, and our study, consistent with ﬁgure 2, indicates that
the best imaging performance that can be achieved with a PT-
symmetric lens composed of local elements is provided by the
Figure 2. Figure of merit r, deﬁned by integrating the reﬂected power over all incidence angles as in equation (1), as a function of the real and
imaginary parts of the metasurface impedance Z normalized to the free-space wave impedance 0h for: (a) TM case and (b) TE case. The white
crosses denote the optimal choices for minimum reﬂections r. The numerical values are given by equation (2).
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result in ﬁgure 3(b). It is evident, however, that the obtained
conﬁguration is far from being an ideal aberration-free lens.
Therefore, in the next section, we will investigate the problem
of perfect imaging from a more general viewpoint, which will
allow designing ideal PT-symmetric lenses and other ﬁeld-
manipulating devices.
3. PT-symmetric systems for transformation-optics-
inspired imaging
Relaxing the assumption that the transversely homogeneous
elements of the proposed PT-symmetric system have to be
ultrathin and local, as originally envisioned in [21], we show
in the following that a similar functionality as the one
described in the previous section may be achieved by an
arbitrary pair of PT-symmetric systems, one of which acts as a
CPA. In the most general scenario, a generic two-port net-
work described by the scattering matrix
S S
S S
S 11 12
21 22
( ) ( )
( ) ( )
q q
q q=
⎡
⎣⎢
⎤
⎦⎥
can realize a generalized CPA r 0 ,( )= which absorbs all the
impinging energy when bilaterally excited with equal power
and arbitrary phase difference 0,2 ,[ )x pÎ if and only if S is
written in the following general form:
a a
b b
S e
e
, 4
j
j
( )= - -
x
x-
⎡
⎣⎢
⎤
⎦⎥
where a b, Î can be any complex number regardless of
their magnitudes, and in general they can be a function of the
angle .q This is simply obtained by requiring that, for
excitation with same amplitude and phase difference x from
the two sides, the outgoing waves are identically zero. Note
that, in general, this structure is not required to be symmetric
or reciprocal and, in addition, a coherent absorber is not
necessarily passive, as we can have S S 1.11
2
12
2+ > It is
also relevant to brieﬂy point out the difference between this
CPA functionality, which requires interference between
reﬂected and transmitted waves from both ports [34], and
other common absorbers (see, e.g., [36]), which are
unilaterally excited and aim at achieving maximal attenuation
of a single incident beam.
As it will be clear in a moment, it is convenient to work
with the associated transfer matrix of the generalized CPA in
equation (4), given by
where Z cos0 0h q= is the TM wave impedance, function of
the incidence angle .q In order to obtain the PT-symmetric
Figure 3. Spatial distribution (time snapshot) of the magnetic ﬁeld H yˆ( )⋅ when a pair of local PT-symmetric metasurfaces is excited by a
TM-polarized line source for: (a) Z 0.5 0h= as in [20], and (b) Z Z 0.383 ,TM,opt 0h= @ corresponding to the optimal impedance in
ﬁgure 2(a). Plot parameters: d 10 ,0l= w d5 20l= = / .
Figure 4. Sketch of a generic transfer matrix T and its PT-symmetric
counterpart T¢ obtained by twisting and ﬂipping the two ports of the
original network.
b
a b jab a b jab
a b jab
a b jab
T
1
2
1 e 2 sin 1 e 2 sin
1 e 2 sin
1 e 2 sin
, 5
j j
j
j
0
0
( ) ( )
( ) ( )
( )
x Z x
x
Z x
=
- - + - + -
+ + + + - -
x x
x x
⎡
⎣
⎢⎢⎢
⎡⎣ ⎤⎦⎤
⎦
⎥⎥⎥
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element of this one, we notice, according to the sketch in
ﬁgure 4, that for arbitrary A B
C D
T ,= ⎡⎣⎢
⎤
⎦⎥ its PT-symmetric
counterpart has the transfer matrix
AD BC
D B
C A
T
1
. 6( )¢ = -
-
-
⎡
⎣⎢
⎤
⎦⎥
In fact, the twist and the ﬂip of the ports in ﬁgure 4 realizes
both parity and time reversal. Equation (6) corresponds to the
operation of taking the inverse of the original transfer matrix.
Therefore, the transfer matrix of the PT-symmetric counter-
part of (5) reads
a
a b a b
a b a b
T
1
2
1 e e 1 e e
1
1 e e 1 e e
.
7
j j j j
j j j j
0
0
( )
( ) ( )
Z
Z
¢=
+ - - - -
- + + - +
x x x x
x x x x
- -
- -
⎡
⎣
⎢⎢⎢
⎤
⎦
⎥⎥⎥
Interestingly, the corresponding scattering matrix S¢ diverges,
since it describes an ideal lasing system.
If we now consider the entire PT-symmetric system,
comprised of the absorbing component (with transfer matrix
T and thickness L) and its time-reversed counterpart (with
transfer matrix T¢ and same thickness), positioned in free-
space at a distance d from each other, we obtain the system
shown in ﬁgure 5. The vacuum is modeled as a transmission
line with wavenumber k k cosy 0 q= and TM characteristic
impedance Z cos .0 0h q= The transfer matrix of the entire
system can be readily obtained as the cascade (matrix mul-
tiplication) of the different blocks [37]. The corresponding
scattering matrix is then given by
S
S S
S S
a
0 e
e
e 1
e
. 8
jk d j
jk d j
jk d j
j
total 11
total
12
total
21
total
22
total
cos 2
cos 2
2 cos 2
0
0
0
( ) ( )
( ) ( )
( )
q q
q q=
= -
q x
q x q x x
+
+ +
⎡
⎣
⎢⎢
⎤
⎦
⎥⎥
⎡
⎣
⎢⎢⎢
⎤
⎦
⎥⎥⎥
This matrix describes a very interesting optical response, with
several implications for imaging and wave transformation
purposes. First of all, the response is independent of the
thickness L of the two sub-systems (CPA and laser). The
device exhibits zero reﬂection from the CPA side and it
realizes negative refraction like a DNG lens of thickness d
with an additional phase shift 2 ,x remarkably independent of
the parameters a and b, as well as of their dependence on the
angle of incidence. In other words, such PT-symmetric
system, independent of the speciﬁc amplitude response of
choice, phase advances the transmitted wave by
k d cos 20( )q x+ for all incidence angles. The overall system
is reciprocal S S12
total
21
total( ( ) ( ))q q= even though the CPA and
lasing elements may individually be non-reciprocal, i.e.,
a b,¹ since equation (7) does not depend at all on the
complex parameter b.
The ﬁeld distributions for line source excitation can be
found using a conventional plane-wave expansion. It is sim-
ple to prove that the magnetic ﬁeld transmitted through the
system (8), at z L d w,i
d
2
= + + - equals
H x z z J k x, e 9y i j0 0 2( )( ) ( )= = x
for a line source excitation. Therefore, consistent with
equation (3), such a device works as an aberration-free planar
lens for all propagating angles ,
2 2
q- < <p p namely, it
produces an image identical to the source, in amplitude and
phase, for 0, .x p= As pointed out above, this property is not
affected by the value of the complex parameters a and b in
(4), (8) because the transmission coefﬁcient
S Se jk d j21
total cos 2
12
total0( ) ( )q q= =q x+ does not depend on
them. Even though a and b are angle dependent, as long as
their dependence respects the PT-symmetry condition, the
functionality is still ideally preserved. These observations
allow identifying a broad class of systems able to realize ideal
imaging in the sense of geometrical optics, the only
conditions being CPA operation and PT symmetry, which is
consistent with, and generalizes, the ﬁndings in [21]. In
particular, these conditions generally correspond to having a
nonlocal (or spatially dispersive) response, as the structure
compensates the natural dispersion of the wave impedance as
a function of angle. Such an effective nonlocal response can
be implemented, for example, by using thin multilayered
slabs, as discussed in [21], also in analogy with the
computational metastructures proposed in [38].
As an example of ideal imaging, in ﬁgure 6 we show the
variation of the real and the imaginary parts of the magnetic
ﬁeld H H yy ˆ( )= ⋅ for two PT-symmetric lenses illuminated
by a TM-polarized line source; the ﬁrst row corresponds to a
lens designed to have zero phase shift, 0,x = and the second
row for the case with .x p= In both cases, the ﬁeld is focused
around the axis: x z L w, 0, d3
2( )( ) = + - at the right of the
Figure 5. Transmission-line representation of the overall system. The absorber with transfer matrix T and thickness L is separated from its
PT-symmetric counterpart (with transfer matrix T¢ and the same thickness L) by an airgap of length d. The wavenumber k cos0b q= and the
wave impedance Z cos0 0h q= correspond to obliquely incident TM waves.
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active element; in addition, an internal image forms between
the two PT-symmetric elements of the lens (of ﬁnite thickness
L depicted as black boxes) around the axis:
x z w, 0, .d
2( )( ) = - + The white dashed lines correspond to
the image and the source planes. Note that the ﬁeld dis-
tribution outside the two elements, namely, for
z L L, , ,d d
2 2( ) ( )ÈÎ -¥ - - + + ¥ is identical for both
phase shifts, and it corresponds to the response of an ideal
lens limited to propagating wave, as dictated by (3). Instead,
as clearly seen in ﬁgure 6, the phase shift 0,x p= affects the
internal images, which are accordingly phase delayed. In fact,
for TM polarization a zero phase shift 0x = corresponds to a
CPA designed for in-phase bilateral excitation, while the
choice x p= corresponds to an out-of-phase one (opposite
for TE polarization). The results reported in ﬁgure 6 show that
the image produced by the PT-symmetric lens is perfect (in
the sense of geometrical optics) not only along the plane
z L w,d3
2
= + - but also on the entire free-space region at
the right of the lens, z d L.> + In other words, we have
indeed realized an aberration-free planar 3D lens limited by
diffraction.
It is also interesting to investigate what happens for an
arbitrary value of phase shift 0, 2 .[ )x pÎ In ﬁgure 7, we
show the real part of the magnetic ﬁeld (time snapshot) on the
map k x k z,0 0( ) for various phase shifts. The corresponding
variations of the imaginary part are given in ﬁgure 8. As
predicted by equation (9), the image formed along the
external focal axis, x z L w, 0, ,d3
2( )( ) = + - has a phase
difference equal to 2 .x For example, in ﬁgures 7(c) and 8(c)
perfect focusing is achieved with reversed phase, as 2 .x p=
By inspecting the left part of each graph, one can observe the
operation of CPAs for various phase differences .x Similarly,
the spatial distributions of the real and imaginary parts of the
magnetic ﬁeld around the active element of the lens are
accordingly affected by the choice of .x However, it is evident
from these results that the ﬁeld amplitude H k z k x,y 0 0( ) is
identical in every single case, regardless of the selection of .x
Figure 6. Spatial distribution of the magnetic ﬁeld HH y yˆ( )⋅ = for TM line-source illumination, when the CPA has been designed for phase
shift 0x = ((a) and (b)) and x p= ((c) and (d)). The real part is shown in subﬁgures (a) and (c), and the imaginary part in subﬁgures ((b) and
(d)). Plot parameters: k L 2,0 = k d 15,0 = k w 40 = .
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To put it alternatively, ideal planar imaging (limited by dif-
fraction), in terms of magnitude, is achieved for arbitrary
angle ξ ä [0, 2π).
The fact that an arbitrary choice of the parameter ξ≠0,
π changes the phase of the internal and external images may
have interesting applications beyond imaging, for ﬁeld TO.
For example, a structure with varying x( )x x= along the
vertical axis x, can be used to tailor the phase of the output
ﬁeld at will, acting as pairs of PT-symmetric metasurfaces
[39, 40], which would produce transformed images of the
Figure 7. Spatial distribution of the real part (time snapshot) of the magnetic ﬁeld HH y yˆ[ ]⋅ =R R⎡⎣ ⎤⎦ for TM line-source illumination when
the CPA has been designed for phase shift: (a) 30 ,x =  (b) 60 ,x =  (c) 90 ,x =  (d) 120 ,x =  (e) 150 .x =  Plot parameters: k L 2,0 =
k d 15,0 = k w 40 = .
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source distribution. In addition, by using a suitable proﬁle of
,x these PT-symmetric systems could play the role of phase
aligners for speciﬁc source distributions, maximizing their
overall transmitted power by avoiding destructive
interference [41]. Furthermore, since the internal images are
real (different from a DNG lens for which internal images are
always virtual), the designed system also allows shaping and
exploiting the ﬁelds between the two PT-symmetric elements.
Figure 8. Spatial distribution of the imaginary part of the magnetic ﬁeld HH y yˆ[ ]⋅ =I I⎡⎣ ⎤⎦ for TM line-source illumination when the CPA
has been designed for phase shift: (a) 30 ,x =  (b) 60 ,x =  (c) 90 ,x =  (d) 120 ,x =  (e) 150 .x =  Plot parameters: k L 2,0 =
k d 15,0 = k w 40 = .
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4. Conclusions
In this paper, we have investigated the design of transversely
homogeneous planar lenses and ﬁeld transformations based
on PT symmetry, which are able to emulate negative refrac-
tion and planar imaging in analogy with transformation-optics
lenses, but based on a different mechanism, and without some
of the drawbacks of conventional metamaterial implementa-
tions. In the considered PT-symmetric system, the passive
component acts as a CPA, while its PT-symmetric counterpart
works as a laser. We have ﬁrst tested the limits of local
ultrathin metasurfaces in achieving negative refraction and
planar imaging. We have then identiﬁed the most general
class of PT-symmetric devices that is able to realize aberra-
tion-free imaging, and we have derived the fundamental
conditions to achieve this functionality, conﬁrming and
extending our previous works [20, 21]. In conclusion, we
believe that the present paper provides relevant insights into
the operation of PT-symmetric systems in the context of
imaging and ﬁeld transformations. Our ﬁndings conﬁrm that
the path initiated by the theory of TO toward better optical
systems is still very relevant today, and the concept of PT
symmetry may provide new tools and possibilities to go
beyond the limitations of passive systems in controlling
electromagnetic ﬁelds.
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Research with grant No. N00014-15-1-2685 and by the Air
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